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Abstract. In this work we recall the definition of matrix immanants, a generalization of the determinant
and permanent of a matrix. We use them to generalize families of symmetric and antisymmetric orbit
functions related to Weyl groups of the simple Lie algebras An. The new functions and their properties are
described, in particular we give their continuous orthogonality relations. Several examples are shown.
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1. Introduction
Immanants, i.e., matrix functions connected to irreducible characters of symmetric groups, were intro-
duced and studied by Littlewood [1]. They are widely used in algebraic combinatorics, e.g., immanants
of certain matrices whose entries are symmetric functions define the Schur functions. The best known
immanants are the determinant and the permanent of a matrix. The determinant is well known from its
extended use in linear algebra. Many results on the permanents can be found in the seminal book of Minc [2].
Other interesting applications are obtained in the connection with positive semi-definite Hermitian matrices.
Recently they have been used in a mathematical description of three-channel optical networks [3, 4]. In [5]
the authors use immanants to analyze coincidence rates in connection with BosonSampling BosonSampling
computation originally introduced in [6]. Immanants also appear in statistical physics, see [7]. See also
recent experiments on permanents in [8, 9, 10, 11].
For every symmetric group Sn there are several immanants defined, their numbers being equal to the
number of corresponding conjugacy classes of the group. In this work we use immanants to generalize
symmetric and antisymmetric orbit functions, families of multivariable complex functions related to Weyl
groups of simple Lie algebras An. These functions can be written as the determinant and permanent of a
particular matrix of order n+ 1, see [12]. By considering general immanants of the same matrix we obtain
new families of functions. We study their properties, e.g., their symmetries with respect to elements of the
Weyl group An, their products and continuous orthogonality.
Symmetric and antisymmetric orbit functions were studied in detail in [13, 14]. Their orthogonality
relations can be found in [15] and their discretization is completely described in [16]. Other families of orbit
functions are defined in the connection of even Weyl subgroups and so-called sign homomorphisms [17, 18, 19].
The paper is organized as follows. Chapter 2 reviews some facts from the theory of characters of finite
groups and the definition of immanants of a matrix. In Chapter 3 we present the connection between
the symmetry group Sn+1 and the Weyl group of simple Lie algebra An, see, for example, Refs [12, 13].
Immanants functions of W (An) are then defined in Chapter 4, including examples and properties for the
particular case n = 2. The main result lies in Chapter 5, where we generalize some properties of immanants
functions and we prove Theorem 3 describing continuous orthogonality of immanant functions. We conclude
with several remarks in Chapter 6.
2. Character tables and immanants
2.1. Irreducible characters of symmetric groups. Immanants are a generalization of the determinant
and permanent of a matrix defined using irreducible characters of symmetric groups. In this subsection we
list some well known facts about irreducible characters which will be used in what follows. For a good review
of the theory of immanants of finite groups see [20].
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[ρ] (1) (12)
χ1 1 1
χ2 1 -1
[ρ] (1) (12) (123)
χ1 1 1 1
χ2 1 -1 1
χ3 2 0 -1
[ρ] (1) (12) (12)(34) (123) (1234)
χ1 1 1 1 1 1
χ2 1 -1 1 1 -1
χ3 2 0 2 -1 0
χ4 3 1 -1 0 -1
χ5 3 -1 -1 0 1
Table 1. Character tables of S2, S3 and S4. The standard cycle notation for the conjugacy
class representant is used.
Let G be a finite group. It can be written as a union of its conjugacy classes. Irreducible characters χ
map each class to a complex number. The number of conjugacy classes equals the number of irreducible
characters. The values of characters are then listed in so-called character tables, see Table 1.
Row orthogonality relations hold, i.e., for every irreducible characters χk, χl we have∑
g∈G
χk(g)χl(g) = |G|δkl, (1)
where |G| denotes the order of the group G and δkl is the Kronecker delta.
It also holds that for every element g ∈ G, χ(g−1) = χ(g). This implies that if every g ∈ G is conjugated
to its inverse then all the characters have real values. This is a case for example for all the symmetry groups.
Finally, we will need the following formula for the convolution of characters [21]:∑
g∈G
χk(hg
−1)χl(g) = δkl
|G|
dk
χk(h), (2)
where dk is the degree of the character χk, i.e., dk = χk(id).
2.2. Immanants. Let A be a matrix of order n, A = (aij). A product of entries of the form a1i1a2i2 . . . anin
corresponds to the element Π of the symmetric group Sn given by Π(1, 2, . . . , n) = (i1, i2, . . . , in). For each
conjugacy class [ρ] of Sn we denote by Cρ the sum of all product of the matrix entries of the above form.
The immanant corresponding to the irreducible character χk of Sn is defined as
Immn,k =
∑
[ρ]
χk(ρ)Cρ, (3)
where χk(ρ) denotes the value of the character χk on the conjugacy class [ρ].
We list the immanants corresponding to matrices of order 2, 3 and 4. Necessary character tables are listed
in Table 1 and can be found for example in [1].
• The group S2 has two irreducible characters. The sums C1 and C2 are equal to
C1 = a11a22,
C2 = a12a21.
The immanant corresponding to the trivial representation gives in all cases the permanent of the
matrix and the alternating representation gives its determinant. In the case of n = 2 these are the
only ones.
Imm2,1 = C1 + C2 = a11a22 + a12a21,
Imm2,2 = C1 − C2 = a11a22 − a12a21.
• The character table of S3 contains three characters. The sums C1, C2 and C3 are then
C1 = a11a22a33,
C2 = a11a23a32 + a12a21a33 + a13a22a31,
C3 = a12a23a31 + a13a21a32.
2
Three irreducible characters induce three immanants. One is non-trivial in the sense that it is not
equal to the determinant or permanent of the matrix.
Imm3,1 = C1 + C2 + C3,
Imm3,2 = C1 − C2 + C3,
Imm3,3 = 2C1 − C3.
• There are five conjugacy classes of the group S4 with the sums C1, . . . , C5 equal to
C1 = a11a22a33a44,
C2 = a11a22a34a43 + a11a23a32a44 + a11a24a33a42 + a12a21a33a44
+ a13a22a31a44 + a14a22a33a41,
C3 = a12a21a34a43 + a13a24a31a42 + a14a23a32a41,
C4 = a11a23a34a42 + a11a24a32a43 + a13a22a34a41 + a14a22a31a43
+ a12a24a33a41 + a14a21a33a42 + a12a23a31a44 + a13a21a32a44,
C5 = a12a23a34a41 + a12a24a31a43 + a13a24a32a41 + a13a21a34a42
+ a14a23a31a42 + a14a21a32a43.
There are five immanants, three of them non-trivial.
Imm4,1 = C1 + C2 + C3 + C4 + C5,
Imm4,2 = C1 − C2 + C3 + C4 − C5,
Imm4,3 = 2C1 + 2C3 − C4,
Imm4,4 = 3C1 + C2 − C3 − C5,
Imm4,5 = 3C1 − C2 − C3 + C5.
3. Symmetric groups and Weyl groups
3.1. Symmetric group Sn+1. Let the group Sn+1 act on the ordered number set [l1, l2, . . . , ln, ln+1]. We
introduce an orthonormal basis in the real Euclidean space Rn+1,
ei ∈ Rn+1 , 〈ei, ej〉 = δij , 1 ≤ i, j ≤ n+ 1 ,
and use the numbers lk as the coordinates of a point λ in e-basis:
λ =
n+1∑
k=1
lkek , lk ∈ R .
We consider the orbit of the action of Sn+1 on a point λ ∈ Rn+1 and denote it by OSn+1(λ), where λ is
the unique point of this orbit such that
l1 ≥ l2 ≥ · · · ≥ ln ≥ ln+1 . (4)
If there are no coordinates lk in λ equal, the orbit OSn+1(λ) consists of (n+ 1)! points.
Subsequently we are interested only in points µ from the n-dimensional subspace H ⊂ Rn+1 defined by
the requirement
n+1∑
k=1
lk = 0 . (5)
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3.2. Lie algebra An. Let us recall basic properties of the simple Lie algebra An of the compact Lie group
SU(n + 1), where 1 ≤ n < ∞. The Coxeter-Dynkin diagram, Cartan matrix C, and inverse Cartan matrix
C−1 of An are the following ones:
i
α1
i
α2
i
α3
. . . i
αn−1
i
αn
C =

2 −1 0 0 ... 0 0 0
−1 2 −1 0 ... 0 0 0
0 −1 2 −1 ... 0 0 0
...
...
...
...
. . .
...
...
...
0 0 0 0 ... −1 2 −1
0 0 0 0 ... 0 −1 2
 ,
C−1 =
1
n+ 1

1·n 1·(n−1) 1·(n−2) ... 1·2 1·1
1·(n−1) 2·(n−1) 2·(n−2) ... 2·2 2·1
1·(n−2) 2·(n−2) 3·(n−2) ... 3·2 3·1
...
...
...
. . .
...
...
1·2 2·2 3·2 ... (n−1)·2 (n−1)·1
1·1 2·1 3·1 ... (n−1)·1 n·1
 .
The simple roots αi, 1 ≤ i ≤ n, of An form a basis (α-basis) of a real Euclidean space Rn and we choose
them in H:
αi = ei − ei+1, i = 1, . . . , n .
Such a choice fixes the lengths and relative angles of the simple roots. They are of the same length equal
to
√
2 with relative angles between αk and αk+1 (1 ≤ k ≤ n− 1) equal to 2pi3 , and pi2 for any other pair.
As usually, we introduce third basis, the ω-basis in H ∼= Rn ⊂ Rn+1, as the Z-dual one to the simple
roots αi:
〈αi, ωj〉 = δij , 1 ≤ i ≤ n.
Vectors ωi are called weights. The set of all integer combinations of weights is denoted by P and called the
weight lattice,
P =
n⊕
i=1
Zωi.
The bases α and ω are related by the Cartan matrix:
α = Cω , ω = C−1α.
Through the paper we assume λ ∈ H and we fix the notation for its coordinates relative to the ω-basis
and euclidean basis:
λ =
n+1∑
j=1
ljej =: (l1, . . . , ln+1)e =
n∑
i=1
λiωi =: (λ1, . . . , λn)ω ,
n+1∑
i=1
li = 0. (6)
The relations between coordinates in these basis are for example described in detail in [13].
3.3. The Weyl group of An. The Weyl group W (An) acts on H by permuting the coordinates in e-basis,
i.e., it acts as the group Sn+1. Indeed, let ri, 1 ≤ i ≤ n be generating elements of W (An), reflections
with respect to the hyperplanes perpendicular to αi and passing through the origin. Then the reflections ri
correspond to adjacent transposition:
riλ = λ− 〈λ, αi〉αi = (l1, l2, . . . , ln+1)e − (li − li+1)(ei − ei+1)
= (l1, . . . , li−1, li+1, li, li+2, . . . , ln+1)e.
(7)
Because transpositions generate the full permutation group Sn+1, thus W (An) is isomorphic to Sn+1, and
the points of the orbit OSn+1(λ) and OW (An)(λ) coincide.
The affine Weyl group of An is the infinite group which can be described as a semidirect product of the
translation by integer combinations of the simple roots αi and the Weyl group, for more details see [16]. Its
fundamental domain is a simplex F defined as the convex hull of the vectors ωi.
4
4. New types of functions for W (An)
4.1. Correspondence between orbit functions of W (An) and immanants. In this paper we are
interested in the following matrix A :
A =

e2piil1x1 e2piil1x2 . . . e2piil1xn+1
e2piil2x1 e2piil2x2 . . . e2piil2xn+1
...
...
. . .
...
e2piiln+1x1 e2piiln+1x2 . . . e2piiln+1xn+1
 ,
where the number li fulfil the requirements given by (4) and (5).
This matrix is related to two families of Weyl group orbit functions of An, see [13, 14, 15, 16]. The
symmetric orbit functions, also called (normalized) C-functions, for the group W (An), are defined for every
x ∈ Rn
Φλ(x) :=
∑
w∈W (An)
e2pii〈wλ,x〉,
where λ ∈ P . With the notation introduced in (6), these functions can be written as the immanant of the
matrix A corresponding to the trivial character.
Φλ(x) = perA = Immn+1,1(λ, x).
The C-orbit functions are invariant with respect to the Weyl group,
Φwλ(x) = Φλ(x) (8)
for every x ∈ Rn and w ∈W (An). Therefore, it is enough to choose λ ∈ P+ =
⊕n
i=1 Z≥0ωi. We call such λ
a dominant point.
The second type are the antisymmetric or (normalized) S-orbit functions defined for every x ∈ Rn by
ϕλ(x) =
∑
w∈W (An)
(detw)e2pii〈wλ,x〉,
where λ ∈ P+ = ⊕ni=1 Z≥0ωi. In this case we have
ϕλ(x) = detA = Immn+1,2(λ, x),
i.e., the function equals the immanant corresponding to the alternating character. By the symmetries of
S−orbit functions and the fact that they are identically zero on the boundary of the fundamental domain,
we choose λ ∈ P++ = ⊕ni=1 Z>0ωi. In this case we call λ a strictly dominant point.
These two families were studied in detail in several papers, e.g., [13, 14, 15, 16]. For the later use we give
their continuous orthogonality relations [15].
For every λ, µ ∈ P+ it holds that∫
F
Φλ(x)Φµ(x)dx = |F ||W (An)|| stabW (An)(λ)|δλµ, (9)
where |F | denotes the volume of the fundamental domain F , |W (An)| is the order of the Weyl group of An
and stabW (An)(λ) is the stabilizer of the action of W on λ.
Similarly, for every λ, µ ∈ P++ it holds that∫
F
ϕλ(x)ϕµ(x)dx = |F ||W (An)|δλµ. (10)
In particular, if µ = 0, the C-function becomes a constant equal to |W (An)| and the equation (9) gives∫
F
Φλ(x)Φ0(x)dx = |W (An)|
∫
F
Φλ(x)dx = |F ||W (An)|2δλ0.
We can rewrite it in terms of immanants as∫
F
Immn+1,1(λ, x)dx = |F ||W (An)|δλ0. (11)
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In this work we are interested in the functions coming from the immanants Immn+1,k, where k ≥ 3. In
this case we can use the correspondence between the reflections and adjacent transpositions given by (7).
By [ρ] we can denote not only the permutations belonging to one conjugacy class, but also a subset of
the Weyl group generated by elements corresponding to these permutation. The elements can be found
by decomposing each permutation into adjacent transpositions. In terms of Weyl group the formula for
immanants (3) becomes
Immn+1,k(λ, x) =
∑
[ρ]
χk(ρ)
∑
w∈[ρ]
e2pii〈wλ,x〉 =
∑
w∈W (An)
χk(w)e
2pii〈wλ,x〉.
4.2. Weyl group of A1. For this group according to tables of characters there are only two types of
immanants:
Imm2,1(λ, x) = Φλ(x),
Imm2,2(λ, x) = ϕλ(x).
These two functions are up to a constant the cosine and sine functions or equivalently the Chebyshev
polynomials.
4.3. Weyl group of A2. Group W (A2) is generated by two reflections, see (7). It is a group of order 6 and
it can be decomposed in its conjugacy classes as follows:
W (A2) = {id} ∪ {r1, r2, r1r2r1} ∪ {r1r2, r2r1}.
For this group according to character tables there are three immanants:
Imm3,1(λ, x) = Φλ(x),
Imm3,2(λ, x) = ϕλ(x),
Imm3,3(λ, x).
We obtain the cosine and sine functions of two complex variables, see [22], and one new function, which is
described in what follows.
Firstly, let us write the function Imm3,3(λ, x) in the explicit form:
Imm3,3(λ, x) = 2e2pii(l1x1+l2x2+l3x3) − e2pii(l1x3+l2x1+l3x2) − e2pii(l1x3+l2x1+l3x2)
or, in terms of Weyl group
Imm3,3(λ, x) = 2e2pii〈λ,x〉 − e2pii〈r2r1λ,x〉 − e2pii〈r1r2λ,x〉.
Unlike the C− and S− functions, this function is not invariant under the action of Weyl group. Nevertheless,
the following relations hold
Imm3,3(wλ, x) = Imm3,3(λ,w−1x),
Imm3,3(λ, x) = Imm3,3(wλ,wx),
Imm3,3(λ, x) = Imm3,3(x, λ).
For the product with C− and S− functions we get by direct computation
Imm3,3(λ, x)Φµ(x) =
∑
w∈W (A2)
Imm3,3(λ+ wµ, x),
Imm3,3(λ, x)ϕµ(x) =
∑
w∈W (A2)
detw Imm3,3(λ+ wµ, x).
These relations come from general formula for product of immanants (13).
One of the most remarkable properties of orbit function is their continuous and discrete orthogonality.
The main theorem describing the continuous orthogonality relations of immanant functions and its proof are
contained in the chapter 5.2. The following theorem is a special case for the functions Imm3,3.
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Theorem 1. Let F be the fundamental domain of the affine Weyl group of A2 and we denote the region
F˜ :=
⋃
w∈W (A2)
wF . Then for every 0 6= λ, µ ∈ P+ we have
∫
F˜
Imm3,3(λ, x)Imm3,3(µ, x)dx = |F ||W (A2)|2 δλµ.
4.4. Examples of immanants of W (A2). The function Imm
3,3(λ, x) is the zero function when λ is the zero
vector. For every other choice of λ it is a function with non-zero real and imaginary part. In this paragraph
we present several examples by plotting the real and the imaginary part of the function (see Figs. 1 and 2).
Figure 1. The contour plot of the real part (left) and the imaginary part (right) of the
function Imm3,3((1, 0), x). The triangle denotes the fundamental domain F of the affine
Weyl group W (A2).
Figure 2. The contour plot of the real part (left) and the imaginary part (right) of the
function Imm3,3((1, 2), x). The triangle denotes the fundamental domain F of the affine
Weyl group W (A2).
4.5. Weyl group of A3. Group W (A3) is generated by three reflections, see (7). It is a group of order 24
and it can be decomposed into conjugacy classes as follows:
W (A3) = {id} ∪ {r1, r2, r3, r1r2r1, r2r3r2, r1r2r3r2r1} ∪ {r1r3, r2r1r3r2, r3r2r3r1r2r3}
∪ {r1r2, r2r1, r2r3, r3r2, r1r3r2r1, r1r2r1r3, r2r3r2r1, r1r2r3r2}
∪ {r1r2r3, r2r3r1, r3r1r2, r3r2r1, r3r2r3r1r2, r1r2r1r3r2}.
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There are five immanants corresponding to the symmetric group S4:
Imm4,1(λ, x) = Φλ(x),
Imm4,2(λ, x) = ϕλ(x),
Imm4,3(λ, x),
Imm4,4(λ, x),
Imm4,5(λ, x).
We obtain the cosine and sine functions of three complex variables, see [22], and three new functions. The
implicit forms in the terms of Weyl groups are given below:
Imm4,3(λ, x) = 2e2pii〈λ,x〉 + 2e2pii〈r1r3λ,x〉 + 2e2pii〈r2r1r3r2λ,x〉 + 2e2pii〈r3r2r3r1r2r3λ,x〉
− e2pii〈r1r2λ,x〉 − e2pii〈r2r1λ,x〉 − e2pii〈r2r3λ,x〉 − e2pii〈r3r2λ,x〉
− e2pii〈r1r3r2r1λ,x〉 − e2pii〈r1r2r1r3λ,x〉 − e2pii〈r2r3r2r1λ,x〉 − e2pii〈r1r2r3r2λ,x〉,
Imm4,4(λ, x) = 3e2pii〈λ,x〉 + e2pii〈r1λ,x〉 + e2pii〈r2λ,x〉 + e2pii〈r3λ,x〉 + e2pii〈r1r2r1λ,x〉 + e2pii〈r2r3r2λ,x〉
+ e2pii〈r1r2r3r2r1λ,x〉 − e2pii〈r1r3λ,x〉 − e2pii〈r2r1r3r2λ,x〉 − e2pii〈r3r2r3r1r2r3λ,x〉 − e2pii〈r1r2r3λ,x〉
− e2pii〈r2r3r1λ,x〉 − e2pii〈r3r1r2λ,x〉 − e2pii〈r3r2r1λ,x〉 − e2pii〈r3r2r3r1r2λ,x〉 − e2pii〈r1r2r1r3r2λ,x〉,
Imm4,5(λ, x) = 3e2pii〈λ,x〉 − e2pii〈r1λ,x〉 − e2pii〈r2λ,x〉 − e2pii〈r3λ,x〉 − e2pii〈r1r2r1λ,x〉 − e2pii〈r2r3r2λ,x〉
− e2pii〈r1r2r3r2r1λ,x〉 − e2pii〈r1r3λ,x〉 − e2pii〈r2r1r3r2λ,x〉 − e2pii〈r3r2r3r1r2r3λ,x〉 + e2pii〈r1r2r3λ,x〉
+ e2pii〈r2r3r1λ,x〉 + e2pii〈r3r1r2λ,x〉 + e2pii〈r3r2r1λ,x〉 + e2pii〈r3r2r3r1r2λ,x〉 + e2pii〈r1r2r1r3r2λ,x〉.
The symmetry properties and orthogonality relations follows from general results given in Chapter 5.
5. Immanants of the Weyl group of An
5.1. General properties of immanants of W (An). Weyl group W (An) is generated by n reflections and
is isomorphic to the symmetry group Sn+1, with order |W (An)| = (n + 1)!. Let nχ denote the numbers of
its conjugacy classes, i.e., also the number of corresponding irreducible characters and immanant functions.
Two of them are the C and S-orbit functions.
In what follows, we can suppose only λ 6= 0. Indeed, directly from the orthogonality of characters (1) we
see that for λ = 0 and k ∈ {2, . . . , nχ}, the immanant function Immn+1,k(λ, x) = 0 for every x; in the case
of k = 1 we have Immn+1,1(0, x) = |W (An)|.
For every k ∈ {1, . . . , nχ} the following symmetries hold
Immn+1,k(ωλ, x) = Immn+1,k(λ, ω−1x),
Immn+1,k(ωλ, ωx) = Immn+1,k(λ, x),
Immn+1,k(λ, x) = Immn+1,k(x, λ).
(12)
We are interested in products of two different immanants. Direct computation give the following result.
For every λ, µ ∈ P+ and k ∈ {1, . . . , nχ},
Immn+1,k(λ, x) Immn+1,l(µ, x) =
∑
w,w˜∈W (An)
χk(w)χl(w˜)e
2pii〈 wλ+w˜µ,x〉. (13)
In the case l = 1 we get
Immn+1,k(λ, x) Immn+1,1(µ, x) =
∑
w˜∈W (An)
Immn+1,k(λ+ w˜µ, x).
For the proof of the orthogonality of immanants we need the following lemma.
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Lemma 2. Let 0 6= λ, µ ∈ P+ and k, l ∈ {1, . . . , nχ}. Then∑
w∈W (An)
Immn+1,k(wλ, x) Immn+1,l(wµ, x) =
∑
w˜,wˆ∈W (An)
χk(w˜)χl(wˆ) Imm
n+1,1(λ+ w˜wˆµ, x),
∑
w∈W (An)
Immn+1,k(wλ, x)Immn+1,l(wµ, x) =
∑
w˜,wˆ∈W (An)
χk(w˜)χl(wˆ) Imm
n+1,1(λ− w˜wˆµ, x).
Proof. We have∑
w∈W (An)
Immn+1,k(wλ, x) Immn+1,l(wµ, x) =
∑
w,w˜,wˆ∈W (An)
χk(w˜)χl(wˆ)e
2pii〈(w˜wλ+wˆwµ),x〉
=
∑
w,w˜,wˆ∈W (An)
χk(w˜)χl(wˆ)e
2pii〈w(w−1w˜wλ+w−1wˆwµ),x〉.
As the characters are class functions, we have χ
(
w−1w˜w
)
= χ (w˜) and χ
(
w−1wˆw
)
= χ (wˆ), so we can
write ∑
w∈W (An)
Immn+1,k(wλ, x) Immn+1,l(wµ, x) =
∑
w˜,wˆ∈W (An)
χk(w˜)χl(wˆ)
∑
w∈W (An)
e2pii〈w(w˜λ+wˆµ),x〉
=
∑
w˜,wˆ∈W (An)
χk(w˜)χl(wˆ) Imm
n+1,1 (w˜λ+ wˆµ, x)
=
∑
w˜,wˆ∈W (An)
χk(w˜)χl(wˆ) Imm
n+1,1
(
w˜
(
λ+ w˜−1wˆµ
)
, x
)
.
Where the last equivalency is due to the invariance of Immn+1,1, or the C-orbit functions, given in (8).
Using the fact, that χk(w˜) = χk(w˜
−1) and simplifying the sum limits we finally get∑
w∈W (An)
Immn+1,k(wλ, x) Immn+1,l(wµ, x) =
∑
w˜,wˆ∈W (An)
χk(w˜)χl(wˆ) Imm
n+1,1 (λ+ w˜wˆµ, x) .
The proof of the second formula is analogous. We use the fact that the characters of symmetric groups
are all real, therefore the complex conjugacy only changes the sign in the first argument of the immanant
Immn+1,1. 
5.2. Continuous orthogonality of immanants of W (An). The main result of the paper is the following
theorem describing the continuous orthogonality of immanant functions of Weyl group of any An.
Theorem 3. Let W (An) be the Weyl group of An and let F be the fundamental domain of the corresponding
affine Weyl group. We denote F˜ =
⋃
w∈W (An) wF . Then for every 0 6= λ, µ ∈ P+ and every k, l ∈ {1, . . . , nχ}
the following relation holds.∫
F˜
Immn+1,k(λ, x)Immn+1,l(µ, x)dx = |W (An)|2|F |δλµδkl 1
dk
∑
w∈stabW (An)(λ)
χk(w) ,
where dk = χk(id).
In particular, for λ, µ ∈ P++ it holds that∫
F˜
Immn+1,k(λ, x)Immn+1,l(µ, x)dx = |F ||W (An)|2δklδλµ .
Proof. Using the symmetries of immanant functions (12) we can write⋃
w∈W (An)
∫
F
Immn+1,k(λ, x)Immn+1,l(µ, x)dx =
∑
w∈W (An)
∫
F
Immn+1,k(wλ, x)Immn+1,l(wµ, x)dx
=
∫
F
∑
w∈W (An)
Immn+1,k(wλ, x)Immn+1,l(wµ, x)dx.
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From Lemma 2 we get∫
F
∑
w∈W (An)
Immn+1,k(wλ, x)Immn+1,l(wµ, x)dx =
∫
F
∑
w˜,wˆ∈W (An)
χk(w˜)χl(wˆ) Imm
n+1,1 (λ− w˜wˆµ, x) dx
=
∑
w,wˆ∈W (An)
χk(wwˆ
−1)χl(wˆ)
∫
F
Immn+1,1 (λ− wµ, x) dx .
In the last equation we substituted w = w˜wˆ.
According to equation (11), we need to investigate when the expression λ − wµ equals zero. Since
λ, µ ∈ P+, this can happen only for λ = µ and w ∈ stabW (An)(λ). Using the relations (11) and (2) we get∑
w,wˆ∈W (An)
χk(wwˆ
−1)χl(wˆ)
∫
F
Immn+1,1 (λ− wµ, x) dx = |W (An)||F |δλµ
∑
w∈stabW (An)(λ)
∑
wˆ∈W (An)
χk(wwˆ
−1)χl(wˆ)
= |W (An)|2|F |δλµδkl 1
dk
∑
w∈stabW (An)(λ)
χk(w).
For λ, µ ∈ P++ the stabilizer is trivial and the sum in above expression equals dk.

6. Concluding remarks
• The formula giving the volume of F for every Weyl group can be found in [16].
• The orthogonality relation given by Theorem 3 holds also for C and S orbit functions, as they are
just immanant functions Immn+1,1 and Immn+1,2. Nevertheless, their orthogonality is fulfilled on
smaller region, see (9) and (10).
• A natural question to ask is whether one can write also discrete orthogonality relations for immanants
functions similar to those for orbit functions.
7. Acknowledgments
The authors would like to express their very great appreciation to Hubert de Guise for the inspiration for
this work and his valuable comments on the manuscript.
This publication was supported by the European social fund within the framework of realizing the project
Support of inter-sectoral mobility and quality enhancement of research teams at Czech Technical University
in Prague, CZ.1.07/2.3.00/30.0034.
References
1. Dudley E. Littlewood, The theory of group characters and matrix representations of groups, Oxford Univ. Press (1950)
(Edition: Second)
2. Henryk Minc, Permanents, Encyclopedia Math. Appl., Vol. 6, Addison-Wesley, Reading, MA, 1978.
3. Si-Hui Tan, Yvonne Y. Gao, Hubert de Guise, Barry C. Sanders, SU(3) Quantum Interferometry with Single-Photon Input
Pulses, Phys. Rev. Lett., 110 (2013).
4. Hubert de Guise, Si-Hui Tan, Isaac P. Poulin, Barry C. Sanders, Immanants for Three-Channel Linear Optical Networks,
arXiv:1402.2391 (2014).
5. Max Tillmann, Si-Hui Tan, Sarah E. Stoeckl, Barry C. Sanders, Hubert de Guise, Ren Heilmann, Stefan Nolte, Alexander
Szameit, Philip Walther, BosonSampling with Controllable Distinguishability, arXiv:1403.3433, (2014)
6. Scott Aaronson, Alex Arkhipov, The Computational Complexity of Linear Optics, arXiv:1011.3245, (2010)
7. Stephan Mertens, Cristopher Moore, The complexity of the fermionant, and immanants of constant width, arXiv:1110.1821,
(2011)
8. M. A. Broome, A. Fedrizzi, S. Rahimi-Keshari, J. Dove, S. Aaronson, T. C. Ralph, and A. G. White. Photonic boson
sampling in a tunable circuit. Science, (10.1126/science.1231440), (2012). arXiv:1212.2234.
9. A. Crespi, R. Osellame, R. Ramponi, D. J. Brod, E. F. Galv ao, N. Spagnolo, C. Vitelli, E. Maiorino, P. Mataloni, and
F. Sciarrino. Experimental boson sampling in arbitrary integrated photonic circuits, Nature Photonics, 7:545549, (2013).
arXiv:1212.2783.
10. M. Tillmann, B. Dakic, R. Heilmann, S. Nolte, A. Szameit, and P. Walther. Experimental boson sampling, Nature Photonics,
7:540544, (2013). arXiv:1212.2240.
10
11. N. Spagnolo, C. Vitelli, M. Bentivegna, D. J. Brod, A. Crespi, F. Flamini, S. Giacomini, G. Milani, R. Ramponi, P.
Mataloni, R. Osellame, E. F. Galvao, F. Sciarrino, Efficient experimental validation of photonic boson sampling against
the uniform distribution, arXiv:1311.1622v2
12. Maryna Nesterenko, Jiˇr´ı Patera, Agnieszka Tereszkiewicz, Orbit functions of SU(n) and Chebyshev polynomials, Group
analysis of differential equations and integrable systems, 133151, Department of Mathematics and Statistics, University of
Cyprus, Nicosia, 2011.
13. Anatoliy Klimyk, Jiˇr´ı Patera, Orbit functions, SIGMA (Symmetry, Integrability and Geometry: Methods and Applications)
2 (2006), 006, 60 pages.
14. Anatoliy Klimyk, Jiˇr´ı Patera, Antisymmetric orbit functions, SIGMA (Symmetry, Integrability and Geometry: Methods
and Applications) 3 (2007), paper 023, 83 pages.
15. Robert V. Moody, Jiˇr´ı Patera, Orthogonality within the Families of C-, S-, and E-Functions of Any Compact Semisimple
Lie Group, SIGMA, 2006, Volume 2, 076
16. Jiˇr´ı Hrivna´k, Jiˇr´ı Patera, On discretization of tori of compact simple Lie groups, J. Phys. A: Math. Theor. 42 (2009).
17. Anatoliy Klimyk, Jiˇr´ı Patera, E−orbit functions, SIGMA (Symmetry, Integrability and Geometry: Methods and Applica-
tions) 4 (2008), 002, 57 pages.
18. Lenka Ha´kova´, Jiˇr´ı Hrivna´k, Jiˇr´ı Patera, Six types of E−functions of the Lie groups O(5) and G(2), J. Phys. A: Math.
Theor. 45 (2012).
19. Lenka Ha´kova´, Jiˇr´ı Hrivna´k, Jiˇr´ı Patera, Four families of Weyl group orbit functions of B3 and C3, J. Math. Phys. 54,
083501 (2013)
20. Gordon James, Martin Liebeck, Representations and characters of groups, Second edition. Cambridge University Press,
New York, (2001). viii+458 pp. ISBN: 0-521-00392-X
21. Barry Simon, Representations of finite and compact groups, Graduate Studies in Mathematics, 10. American Mathematical
Society, Providence, RI, (1996) xii+266 pp. ISBN: 0-8218-0453-7
22. Maryna Nesterenko, Jiˇr´ı Patera, Marzena Szajewska, Agnieszka Tereszkiewicz, Orthogonal polynomials of compact simple
Lie groups: branching rules for polynomials, J. Phys. A 43 (2010), no. 49, 495207, 27 pp.
11
